Celestial Mechanics — Solutions

Alexander V. Krivov & Tobias Stein!

Unit 9

Problem 9.1

(a) The Delaunay-Hamiltonian is given by

K4

H=—
212

+R,

and since we perform a contact transformation, the new Poincaré-Hamlitonian .77 must be the same.
However, we know that L; = L;, and thus,

K

212

I +R.

Now we can construct/choose the momenta J; such that we have a contact transformation. Inserting
Li=Ly, Ly=1L Ly, Ly=1L— L3

into

Y (hdLy — [ dLy) =0,
k

and expanding the sum, we find

0 = [dL,—1dL,
+ lzszflh‘zd(Llsz)
+  Ldly —Ld(Ly — L3).

Now, we sort the differentials and obtain

0 = (-0 —h)dL
+ (lz + [2 — l~3)dL2
+  (l+15)dL;.

Since the L; are pairwise independent, all the coefficients to the differentials have to vanish:

0 = L0 D,
0 = lz+l~2—l~3,
0 = l3+i3.

Solving this set of equations from bottom to top, the result is

l3 - _137
L = —bh-bh,
I = Lh+h+ih.
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Using the known Delaunay variables

L = K\/a, L = M,
L, =

K 0]
Ly = xy/a(l—e?)cosl, L = Q
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Zl = K'\/a, ll = M+C()+Q,
Zz = K‘\/;l(l—\/l—82), l~2 = —0-9Q,
Ly = xy/a(l—e?)(1—cosl), L = —-Q

(b) Planetary orbits in the solar system are almost circular (small e) and almost co-planar (small /). The
advantage of the Poincaré variables is that they are more sensitive to small changes in e and I because

. K
L2—>§\/5e2—>0 for e — 0,
- K

L3%§ a(l—e))I* =0 for I — 0.

The corresponding errors are

AL, — Kk+\/a eAe or - 52—

and .
_ AL Al
ALz — ky/a(1—e?) IAI  or Z3 -2
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In contrast, for the Delaunay variables, we have

2

L2—>K\/ﬁ(1—ez

12
Ly — ky/a(l—e?) <1—2> A const forI — 0.

/2 const for e — 0,

and
AL A A A 1 AL
AL, — K+/a eAe or —2—> eez—>e2—e—>0 or f:fiz_wx,
L, - £ e e e? Ly
AL Al Al 1 AL
ALz — ky/a(l —e?) IAl or s NG & SN or 7:773_”0’
Ls 1 1 I? L

meaning that these variables are insensitive to small relative changes in e and / for almost circular, non-
inclined orbits. In turn, this is a problem for numerical calculations, where small errors in L, and L3
(such as rounding errors) can lead to huge errors in e and 1.



